TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 182, August 1973

BERNSTEIN APPROXIMATION PROBLEM FOR
DIFFERENTIABLE FUNCTIONS AND QUASI-ANALYTIC WEIGHTS

BY

GUIDO ZAPATA(!)

ABSTRACT. The Bemstein problem for differentiable functions is considered.
Sufficient conditions in order that a decreasing family of weights be fundamental
are given. Some of these conditions are also related to the concept of quasi-

analytic weight.

1. Introduction. The Bernstein problem for continuous functions is equivalent to
finding necessary and sufficient conditions for localizability (see Nachbin [3]).
Also, the Bernstein problem has a solution only in a particular case (see
Mergelyan [2]). On the other hand, many outstanding results dealing with suf-
ficient conditions for localizability depend on statements about fundamental
weights (see Nachbin [3] and Nachbin, Machado and Prolla [4] for results and
other references). So it is interesting to give sufficient conditions for a weight
to be fundamental. Among those sufficient conditions for localizability, the quasi-
analytic criterion proved to be of wide use (see [3] and [4]).

In this paper we continue the research on Bernstein problem for differentiable
functions. This was initiated in Zapata [6] and was partly announced in Zapata
[7). This problem has also a solution in a particular case (see Sibony [5]). Here
we give only sufficient conditions for a family of weights to be fundamental,
these conditions being related to the concept of quasi-analytic weight (namely
Theorems 1 and 2). Also, the concept of quasi-analytic weight is behind the
quasi-analytic criterion of localizability.

The contents of this paper are, for the most part, either results or general-
ization of results contained in the author’s Ph. D. thesis. This was written under
the direction of Professor Leopoldo Nachbin, to whom the author expresses his
gratitude.

2. Preliminaries. Let V =(V,), a€N”, be a family of directed sets of

weights on R”, where N” denotes the set of multi-indexes a = (al’ cen, an) eN”
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of order |a|=oa +...+ a <m and meNU {+o}, n € N*. The vector space
&™V_(R™; K) of all m-times continuously differentiable K-valued functions f on
R” such that v, - 3% tends to zero at infinity for every v, €V, and a € N?

will be given the topology w,, defined by the family of semi-norms
[+ suplv (1)]3%/(2)]; t e R}

for all such v and a, where K denotes either R or C. In particular, when each
V . consists of a single weight v, and we consider the family v = (v ), a € N”,
we will write &™v_(R"; K) in place of 6™V _(R"; K) and will denote the corre-
sponding topology by .

The family v = (v,), ae N”, of weights on R” is said to be rapidly de-
creasing at infinity if &™v_(R"; K) contains the algebra P(R”; K) of all K-
valued polynomials on R” or equivalently, if each v, is rapidly decreasing at
infinity in the sense of Definition 1.24 of Nachbin [3]. The family v = (v ),

o € N7, of weights on R”, rapidly decreasing at infinity, is called fundamental
when P(R”; K) is dense in &™v_(R"; K). The Bernstein problem consists in
asking for necessary and sufficient conditions for a given family v to be funda-
mental. The Weierstrass theorem on approximation of differentiable functions by
polynomials means that every family v = (v,), a € N”, of weights on R”, each
of them having compact support, is fundamental.

Remark 1. It can be shown that &™v_(R”; K) is always the closure of the
set of analytic functions that it contains. Also, it can be shown that, if v = (va),
a € N":l, is a fundamental family then each v, is a fundamental weight in the
classical sense, that is in the sense of Definition 1.24 (loc. cit.), the reciprocal
being an open question.

A family v={(v,), a €N", of weights on R” will be called a decreasing
family if for every a, BeN” with B < a, there exists a constant C,, p such
that v < Ca,ﬁ' v

In the following, we will write &”v_(R™) and P(R") instead of &™v_(R"; K)
and P(R%; K), respectively. Also, we will write D™(R”; K) or D”(R™) for the
algebra of all m-times continuously differentiable K-valued functions on R”
having compact support. We put D(R™) = N__ D™(R™).

3. Some basic lemmas.

Lemma 1. Let v=(@,), a€ N”, be a decreasing family of weights on R,

Then D™(R™) is dense in gmvw(R").

Proof. Let f€ &"v (R"), m' €N, m'<m, and ¢ > 0 be given. Since the set
{tlv ,()|0%f()| > €/2} is compact, for every a, and since N” . is finite, there
exists a compact K such that ¢ ¢ K implies v, (1)|9%/(t)| <¢/2 for all a N7, .
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Let A> 0 be given. There exists 0) € D"(R™), real, such that 0< 6, <1,
0)1K=1 and sup{laﬁe)‘(t)l; t€ R"} <X for all BeN”, such that 8 #0. Let
a€ N;, and ¢ € R” be given. If a=0 then vo(t)|f(t) -0, NG| =
v @) |1 - 6\e)]. So
1) voDf(e) = () - NG| <e/2.
If a£0, then
v (D]8% () - 3%(6,, - N2
<o YOI -0, + = (;) 16%9,(D]o (D=1
- B<a,Bgo
Since v,<Cy,_g-vgand B#0 we have

ELKOIPROIE R 1]
< AC, o_gsuply,_ (s)10%=B1(s)]; s € R™L.

So, we can take A small enough such that

2\198 a-f €
BS%;#O ( B)"’ ByD]0 11| < §.

Since v, ()|3%f())] |1 - 6,(1)] < €/2 we get
2 v, (D|0%f(2) - 96, - N <.

Letting ¢ = 0y - / we have ¢ € D™(R?) and from (1) and (2) we get

suplv (0]9%7() - 3°¢(1)]; ¢ e R*}<e forall aeN”,.

Lemma 2. Let T" be a nonempty set of fundamental weights on R in the
classical sense of Bernstein. Assume that for every u € I' there exists u' e’
such that

(1) (1 + |t]) - u(2) <u'(2), forall teR;

(2) w'(t,) <u'(e) forall ¢, t,eR, [e,] <ty
Let v = (vi), 0 <i <m, be a decreasing family of weights on R such that
v, <u for some u€l'. Then v is fundamental.

Proof. It is enough to assume m finite and K = R. We will use induction
on m. In fact, when m = 0 the conclusion is trivially verified. Letting m be an
integer > 1, assume the lemma to be true for m — 1. From the hypothesis on I’
there exists u#' € I' such that (1) and (2) are true. Let w be the family of weights
given by

(3) wo(t) =u'(t)/(1 + |t|) (teR), w, = u' for i £ 0.

We claim that w is fundamental. In fact, let f € 5mw°°(R) and €> 0 be
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given. If v’ is the family of weights given by v”. =u'forall j, 0<j<m-1,
then v’ is fundamental by .the induction hypothesis. Since Wi = v for 0<j <
m -1 we have [ € &™ 0! (R) so there exists P,€ P(R) such that

(4 sup{u'(s)l(/')(j)(s) - Pg’)(s)l, seR}<e for 0<j<m-1.
Let P € P(R) be such that

(5) P'= P, P(0) = f(0).
Let ¢ € R be given. The mean value theorem and (5) give |f(¢) - P(2)| =
le] |f'(s) - Po(s)l for some s such that |s| < |¢|. Then from (3) and (2), we get
w()|f(1) = P(t)] <u'(s)|f'(s) = P ((s)]. Whence, from (4) it follows that

(6) wy(D|f(t) = P()| <e.
Also, from (5) and (4), it follows that

@ w0 - PO <e, 1<i <m.
Since ¢ is arbitrary, it follows from (6) and (7) that w is fundamental. Notice
that, for every i, 0<i <m, we have v, < (constant) - w, so the inclusion
&EMw <R C &"y «(R) is defined and continuous. From thlS it follows that P(R)
is  -dense in fD (R). From Lemma 1, D™(R) is dense in &™v_(R), hence
P(R) is dense in &™v_(R).

If gy5e-+5g, are K-valued functions defined on R, we denote by 8 X+ xg,
the function

(g5 eeest ) eR" g (e g (2 ).

Lemma 3. Let I be as in Lemma 2. Let v =(v,), a € N", be a decreasing
family of weights on R™ such that there exist u,s---,u €T verifying v <

uy x «++xu_. Then v is fundamental.

Proof. Let w be the family of weights on R” givenby w ,=u, x-+-xu_,
for all a € N:‘n. It is clear that w is rapidly decreasing at infinity. We claim that
PR is o, -dense in P™(R™). Moreover, w is fundamental by Lemma 1. For

j=1yece,n let w’ be the family of weights on R given by wi: =u; for all i,

0<i<m Lettmg/eg W) R), j=1,-+,n, then f) x -+- x[_isin
&™w (R”) In fact, for every a=(a, -, a )GN" we have w -c?a(/lx---x/n)=
(uy .9° /' )x oo xlu -0 "f ). Hence w, 6 (f; x -+ +x[,) tends to zero at

infinity. Also, it follows that the mapping 7 from & @w!)_(R) x - -+ x &™@w")_(R)
into &™w_(R™), defined by alf ey f )=/, x++ x[,,is n-linear and contin-
uous. Since w’ (j =1,--+,n) is fundamental by Lemma 2, it follows that

DR) x --- x DR) (n-times) is contained in the closure of P(R) x - -+ x P(R) in
the product topology of &™(w!)_(R) x « -+ x &™(w™) (R). By continuity of 7 it
follows that #[P(R) x - - x P(R)] is w, -dense in ADR) x -+ - x DR)}. Ler

DR) ® - -- ® D(R) denote the vector space generated by a[D(R) x - - - x D(R)].
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Since #[PR) x «++ x P(R)] € P(R™) and since the closure of P(R?) is also a
vector subspace of & w_(R") we conclude that P(R™) is w-dense in

DR)® --- ®DR). Let ac N"; be given. Since w, is bounded, there exists a
constant C > 0 such that

supfw (D]3%()]; t € R"} < C supf|d?%(2)]; + € R™}

for every f € D™(R™) so that the topology induced by &™w _(R™) on D™(R™) is
coarser than the topology of uniform convergence of order m. From Proposition
1.4, $8 of Horvath [1], it follows that D(R) ® - -+ ® D(R) is dense in D"(R") in
the inductive limit topology, which is finer than the topology of uniform converg-
ence of order m. So it follows that DR)® --- ® D(R) is w_-dense in D"(R").
Hence P(R™) is o, ~dense in D™(R™), and our claim is proved. To finish the
proof, notice that for every a € N: we have v < (constant) - w,. So the in-
clusion gmww(R") Cc&"y_(R™) is defined and continuous. In particular, v is
rapidly decreasing at infinity and P(R") is w -dense in P™(R™). From Lemma 1
it follows that D™(R”) is dense in &"v_(R") and we conclude that v is fundamental.

4. Safficient conditions for a family to be fundamental. Let u be a weight
on R, For k=0,1,..., put

M), = supiu(t)|t|®; + € R}
Assume M(u)k to be finite for all k. If

ll(u)k =.inf {(M(u)j) l/"; j> k}

then it is easy to prove the following:
> [u(u)k]'l =+ oo if and only if [M(u)k]-l/k = +o0,
k21 k21
Because of this, a weight that verifies one of these conditions is called quasi-analytic.
Remark 2. Every sequence (M), k €N, of positive numbers that verifies
the Denjoy-Carleman condition that is X, ; (/,Lk)-l =+, where p, =

inf{(Mj)l/j; i >k}, gives rise to a quasi-analytic weight through
) = infiM,/]t|*; k=0,1,...}, 1€R, 140,

and #(0) = 0 in case some M, = 0, 2(0) =M otherwise.

Let u be a weight on R”. Let us consider the following property:

(*) There exist quasi-analytic weights Upseeesu, oD R such that « < UpXoee XU,

Remark 3. Let « be a weight on R”. Assume that # is rapidly decreasing
at infinity, that is, for all y € N" the function ¢ }— u(t)|¢t|” vanishes at infinity,
where |t|” = |tlly1 e |t"|y" and 0% = 1 by courtesy. Define

W0 = inf M), /1¢]”; y € N7
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for all ¢ € R”, where M(u)y = supiu(s)|s|”; s € R®}. Then u satisfies property
(*) if and only if the restriction of @’ to each coordinate axis is a quasi-analytic
weight. It can be shown that this is no longer true if we just ask the latter con-
dition on u instead of .

Theorem 1. Let v =(v,), aeN", be a decreasing family of weights on R”

such that v, satisfies property (¥). Then v is fundamental.

Proof. Let z be a quasi-analytic weight on R. From Lemma 2.29 of
Nachbin [3] it follows that # is fundamental. Also, from the proof of that lemma
it follows that the weight Cu€ is quasi-analytic for all C, c € R such that
C >0, c > 0. Define 2 as in Remark 3. Then %’ is a quasi-analytic weight. Also
u <% and @(t,) <@(,) forall £, ¢,€R such that |t,| <t . Let u’ = cxt
where C = sup{(1 + |s|)2"%(s); s € R}. Then u’ is a quasi-analytic weight such
that

(1) (1 + [¢e]ule) <u'(e) for all ¢t €R.

Also
(2) u'(t,) <u't)) for all £, t,€R such that |t,] <.
Hence the set of quasi-analytic weights on R verifies the hypotheses of the

set I' as in Lemma 2. From Lemma 3 it follows that v is fundamental.

Theorem 2. Let v =(v,), ac N”, be a decreasing family of weights on R”

such that
2 M) 1" VE_ o
k21 0’k
where
M(vo)k = 2 sup{vo(mtly; t e R"L.
yeN" |v|=k

Then v is fundamental.

Proof. Let |(¢)5---,2 )| = max (|t ], |tn|) and let N, =
sup{vo(t)"t“k; teR*}, k=0,1,---. Then N, < M(Uo)k for all k. Define, for
each s € R,

uls) = inf{Nk/lsV‘; k=0,1,...}

Then u is a quasi-analytic weight and vo(t) <ul||e]]), ¢ € R®. This inequality
proves that v is rapidly decreasing at infinity. Also, "(32) <uls l) for all s,
s,€R, suchthat |s,| <|s,|. Let ¢ = (t,5-+,2) € R" be given. Sinc/e Itil <
llell, 7=1,--+,n, it follows that (|| < u(t’.), for all j. So, v, < ul/ 7.
1/n

xu'/™, Since u is a quasi-analytic weight, « is too. Hence, v is funda-

mental by Theorem 1.
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Corollary. Let v=(,), ae N”, be a decreasing family of weights on R".
Assume that there exist ¢ > 0 and p € N such that

supfvo(t)ltly; t € R} < (e logg |yl -+ logplyl)b"

for all y € N™ such that |y| is large enough, where as usual logok = k and
long = log (logp_lk) if p>1. Then v is fundamental.

Proof. In the notation of Theorem 2 we have, for £ € N large enough,
M -1
M(vo)k <k + D)™ He logy & -« log,, B)E,

hence the series Ekzl [M(vo)k]° 1k diverges. The conclusion follows from that
theorem.
Remark 4. An important problem that remains unsolved is the following:
Let a family v = (v,), a € N2, of weights on R” be given such that each
v, satisfies property (*). Is it then true that v is fundamental?
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