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BERNSTEIN APPROXIMATION PROBLEM FOR

DIFFERENTIABLE FUNCTIONS AND QUASI-ANALYTIC WEIGHTS

BY

GUIDO ZAPATA(l)

ABSTRACT. The Bernstein problem for differentiable functions is considered.

Sufficient conditions in order that a decreasing family of weights be fundamental

are given.   Some of these conditions are also related to the concept of quasi-

analytic weight.

1. introduction.   The Bernstein problem for continuous functions is equivalent to

finding necessary and sufficient conditions for localizability (see Nachbin [3]).

Also, the Bernstein problem has a solution only in a particular case (see

Mergelyan [2]).  On the other hand, many outstanding results dealing with suf-

ficient conditions for localizability depend on statements about fundamental

weights (see Nachbin [3] and Nachbin, Machado and Prolla [4] for results and

other references). So it is interesting to give sufficient conditions for a weight

to be fundamental.  Among those sufficient conditions for localizability, the quasi-

analytic criterion proved to be of wide use (see [3] and [4]).

In this paper we continue the research on Bernstein problem for differentiable

functions.  This was initiated in Zapata [6] and was partly announced in Zapata

[7]. This problem has also a solution in a particular case (see Sibony [5]). Here

we give only sufficient conditions for a family of weights to be fundamental,

these conditions being related to the concept of quasi-analytic weight (namely

Theorems 1 and 2).  Also, the concept of quasi-analytic weight is behind the

quasi-analytic criterion of localizability.

The contents of this paper are, for the most part, either results or general-

ization of results contained in the author's Ph. D. thesis.  This was written under

the direction of Professor Leopoldo Nachbin, to whom the author expresses his

gratitude.

2. Preliminaries.  Let V =(Va),  a e N" ,  be a family of directed sets of

weights on K",  where N"   denotes the set of multi-indexes  a =(a.,..., a ) e N"° 777 1 77
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of order  |a| = a+... + a   < 772 and 772 e N u i+°°S, zzeN  . The vector space

Q>   V^ÍR"; K) of all 772-times continuously differentiable K-valued functions / on

R" such that va- d f tends to zero at infinity for every v a e V a and  a. e N"

will be given the topology cuy defined by the family of semi-norms

/^supit,a(z-)|07(/)|; teR"}

lor all such tza and a, where K denotes either R or C.  In particular, when each

V a  consists of a single weight va and we consider the family v = iv a),  a £ N" ,

we will write Q>  ^„¡.(R"; K) in place of ë   V^ÍR"; K) and will denote the corre-

sponding topology by to .

The family v = iva), ae N" , of weights on R" is said to be rapidly de-

creasing at infinity if ^>'"vaoil\n; K) contains the algebra ÍP(R"; K) of all It-

valued polynomials on R" or equivalently, if each va is rapidly decreasing at

infinity in the sense of Definition 1.24 of Nachbin [3].  The family v = iva),

a. £ N" , of weights on R", rapidly decreasing at infinity, is called fundamental

when J (R"; K) is dense in fe   voS^"' K).  The Bernstein problem consists in

asking for necessary and sufficient conditions for a given family v to be funda-

mental. The Weierstrass theorem on  approximation of differentiable functions by

polynomials means that every family v = iva), a e N" , of weights on R", each

of them having compact support, is fundamental.

Remark 1.   It can be shown that fe   ^00^"' ^) *s always the closure of the

set of analytic functions that it contains.   Also, it can be shown that, if v = iva),

a £ N",  is a fundamental family then each v a is a fundamental weight in the

classical sense, that is in the sense of Definition 1.24 (loc. cit.), the reciprocal

being an open question.

A family v= iva), a £ N" , of weights on R" will be called a decreasing

family if for every a, ß £ N^ with ß < a, there exists a constant C a a such

that va<Ca^-Vp

In the following, we will write ë  tz^R") and J(Rn) instead of &   ^«/R"; K)

and ÍP(R"; K), respectively.  Also, we will write ®m(R"; K) or 3T(R") for the

algebra of all 772-times continuously differentiable K-valued functions on  R"

having compact support. We put j)(R") = ilmeN Xm(R").

3.  Some basic lemmas.

Lemma 1.  Let v = iv a), a £ N" , be a decreasing family of weights on  R".

Then iDm(R") is dense in &mvJR").

Proof.   Let /eëmfM(R")> m'£N, m'<»2, and f> Obe given. Since the set

[t\vait)\dafit)\ >(/2\ is compact, for every a, and since N" ,   is finite, there

exists a compact K such that t 4 K implies vait)\dafit)\ < c/2 for all a e N" , .
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Let A > 0 be given.  There exists 6X £ fDm(R"), real, such that 0 < dx < 1,

0X\K = 1  and sup!|t3/3(9x(i')|; t £ R"| < A for all jSeN^, such that ß ¿ 0.  Let

aeN», and t e R" be given. If ct=0 then  iz0(í)|/(í) - (0X- /)(<)| =

tzo(í)|7(í)||l-0A(í)|. So

(D tz0(í)|/(í)-(ox./)(í)|<f/2.

If a / 0, then

vait)\dafit) - daidx ■ f)it)\

<vit)\dafit)\\i-dxit)\ +    Z   (aR)\d\it)\vait)\da-ßfit)\.
ß<a,ßjt0 \P/

Since va< Ca a_ o • vß and ß 4 0 we have

\dßexit)\vait)\da-ßfit)\

< *Caa_ßsup\va_ßis)\da-ßfis)\; s eR-|.

So, we can take À small enough such that

& (2>A(.)i..«>i^',(.)i < i.
Since vait)\dafit)\ |l - 6xit)\ < e/2 we get

(2) vait)\dafit) - daiex - f)it)\ < f.

Letting cp = dx • f we have  cf> £ 2)   (Rn) and from (1) and (2) we get

sup|tza(i)|<9a/(/) - dacf>ít)\; t £ R"i < í    for all a e 1ST,.

Lemma 2.  Lei T be a nonempty set of fundamental weights on  R in the

classical sense of Bernstein.   Assume that for every u e Y there exists  u' eT

such that

(1) (1 + |r|) . uit) < u'it), for all t £ R;

(2) a'(t2)<a'(r1) for all t y IjfR, |ij| < \t2\.

Let v = iv.), 0 < i < m, be a decreasing family of weights on R such that

vQ < a for some  a £ T.  Then v is fundamental.

Proof.  It is enough to assume zzz finite and K = R. We will use induction

on 7Z2. In fact, when zzz = 0 the conclusion is trivially verified. Letting zzz be an

integer > 1, assume the lemma to be true for zzz - 1.  From the hypothesis on T

there exists u' £ Y such that (1) and (2) are true.  Let w be the family of weights

given by

(3) uz0(r) = a'(c)/(l + |r|) it e R), w. = u' for i ¿ 0.

We claim that w is fundamental.  In fact, let f eo>   uz^R) and e > 0 be
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given.   If v' is the family of weights given by v'. = «' for all /,   0 < / < ttz - 1,

then v' is fundamental by the induction hypothesis.  Since w .   , = v'. for 0 < / <

ttz - 1  we have /'6 em~'^(R) so there exists PQe j(R) such that

(4) supU'is^if'Y'Ks) - P'-JKs^; seRS<e for 0<j<m-l.

Let P e ?(R) be such that

(5) P' = P0, P(0)=/(0).

Let t e R be given.  The mean value theorem and (5) give  \fit) — Pit)] =

|/| |/ is) - Pq(-s)|   for some s   such that   |s| < |z"|.  Then from (3) and (2), we get

wQit)\fit) - P(i)| < «'(s)|/'(s) - P0(s)|, Whence, from (4) it follows that

(6) wQit)\fit) - Pit)\ <e.

Also, from (5) and (4), it follows that

(7) W .(t)\fU)(t) - PU\t)\   < e,    1   < Z   < 772.

Since t  is arbitrary, it follows from (6) and (7) that w is fundamental. Notice

that, for every i, 0 < i < m, we have v . < (constant) - w. so the inclusion

ë   w   (R) C6  tz   (R) is defined and continuous.  From this it follows that J(R)
CO CO

is co -dense in -D   (R).  From Lemma 1, -D   (R) is dense in ë   f„(R), hence
V CO '

j (R) is dense in ë   tz^íR).

If g j, • • • , g     ate K-valued functions defined on  R,  we denote by g, x • • • x g

the function

o,,..., t.>e""-«iW> •...■«„<«.?■

Lemma 3.  Let Y be as in Lemma 2. Let v = iva), o. e N" ,  be a decreasing

family of weights on  R" such that there exist zzj,- • • , «   £ T verifying vQ <

u,  x ... x «   .  Then  v is fundamental.
1 n '

Proof.  Let w  be the family of weights on R" given by w a=ux x-.- x u ,

for all  a e N" . It is clear that izz  is rapidly decreasing at infinity.  We claim that

J (R") is co   -dense in  J)   (R").  Moreover, w is fundamental by Lemma 1.   For

j = 1,.. • , 72  let w1 be the family of weights on R given by wl = u . for all z,

0 < z < 722.   Letting /. £ ë   (tzz'^ÍR), / = 1, ■ • • , 72,  then f x x • • • x /     is in

ë^z^R"). In fact, for every a = (a x, ■ ■ • , aj £ N^ we have wa • daif x x ■•■ xf ) =

(u, • d    /,) x • • • x («    ■ d "f ). Hence «z„ • daif, x • • • x / ) tends to zero at
1 'I 71 ' 7! " '1 '72

infinity.  Also, it follows that the mapping 77 from ë   iw )00(R) x • • • x ë   (iíz")(x1(R)

into ë  izz^R"), defined by nif x, • • • , f ) = f x x • ■ • x f , is 72-linear and contin-

uous. Since w} if = 1, • • • , 7?) is fundamental by Lemma 2, it follows that

D(R) x • • • x J)(R) (72-times) is contained in the closure of j (R) x • • • x J (R) in

the product topology of ë   iw  )O0(R) x • • • x ë  (izzn)oci(R).   By continuity of 77 it

follows that  77rjP(R) x • • • x ?(R)]  is co^-dense in  7r[iD(R) x • • • x ®(R)].  Let

J)(R) ® • • • ® J)(R) denote the vector space generated by  n-[D(R) x • • • x J)(R)].
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Since  Z7[?(R) x ... x ?(R)] C ?(R") and since the closure of ?(R") is also a

vector subspace of ë   iíz^R") we conclude that j(R") is ai^-dense in

5)(R) ® • • • ® ÎKR). Let  ae N"   be given. Since wa is bounded, there exists a

constant C > 0 such that

supluza(/)|aa/(î)|; t £ R"| < C sup!|r37(í)|; Í 6 R"i

for every / e 3)m(R") so that the topology induced by ë   wz^R") on S   (R") is

coarser than the topology of uniform convergence of order zzz.   From Proposition

1.4, §8 of Horvath [l], it follows that 3)(R) ® • • • ® 3)(R) is dense in 3T(Rn) in

the inductive limit topology, which is finer than the topology of uniform converg-

ence of order zzz. So it follows that S(R) ® • • • ® 5)(R) is w^-dense in ÎHR").

Hence  j (R") is co   -dense in D   (R"), and our claim is proved. To finish the

proof, notice that for every  o. £ N"   we have va< (constant) • w a. So the in-

clusion ë   w   (R") C ë   tz^R") is defined and continuous.  In particular, v  is

rapidly decreasing at infinity and J (R") is co -dense in Ji)   (R").  From Lemma 1

it follows that 3)m(R") is dense in ë   v^R") and we conclude that v is fundamental.

4.  Sufficient conditions for a family to be fundamental.  Let a be a weight

on R.  For k = 0, 1, • • •, put

Miu)k = sup|a(/)|r|k; t £ R|.

Assume Miu)    to be finite for all k.  If

píu)k=.inf\ÍMÍu))X/';j>k}

then it is easy to prove the following:

X W") J~ ' = + °° if a"d oniy if   L [AKa)^]- l/fc = +<*>.
fe>l zisl

Because of this, a weight that verifies one of these conditions is called quasi-analytic.

Remark 2.  Every sequence OW, ), ¿eN, of positive numbers that verifies

the Denjoy-Carleman condition that is  ^¿2i ipj~    = +°°>  where  p, =

infuzVl .)    J; ] > k}, gives rise to a quasi-analytic weight through

a(i) = inf|Mt/|r|*;  k = 0, 1, ... j,       t £ R,  t 4 0,

and a(0) = 0 in case some M, = 0,  a(0) = M.  otherwise.

Let a be a weight on R".  Let us consider the following property:

(*) There exist quasi-analytic weights a .,•••, a    on R such that a < a   x • • • x a .
1 77 —      1 77

Remark 3. Let a be a weight on R". Assume that u is rapidly decreasing

at infinity, that is, for all ye N" the function t |—> a(í)|í|r vanishes at infinity,

where   \t\r = |ij    1 ... \t   \   " and 0° = 1 by courtesy.  Define

z7(/) = inf|M(a)r/|/|r;  y eN"|
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for all t e R", where Miu)y = sup i«(s)|s|r; s e R"}. Then « satisfies property

(*) if and only if the restriction of it to each coordinate axis is a quasi-analytic

weight.  It can be shown that this is no longer true if we just àsk the latter con-

dition on «   instead of «.

Theorem 1.  Let v = iva), ae N",   be a decreasing family of weights on  R"

such that v0 satisfies property (*). Then v  is fundamental.

Proof.  Let u be a quasi-analytic weight on R.  From Lemma  2.29 of

Nachbin [3] it follows that «  is fundamental.  Also, from the proof of that lemma

it follows that the weight Cuc is quasi-analytic for all C, c £ R such that

C > 0, c > 0. Define «   as in Remark 3.  Then «   is a quasi-analytic weight. Also

« <u   and «-(<.,) <«-(ij) for all ij, ¡2eR suchthat  |íj < |*2|. Let «' = Ctt*

where C = supi(l + |s|)«°/2(s); s e Rj. Then «' is a quasi-analytic weight such

that

(1) (1 + \t\)uit) < u'it) tor all t eR.

Also

(2) u'it 2) < u'it x) for all t x, t2 £ R such that  |/,| < |i2|.

Hence the set of quasi-analytic weights on R verifies the hypotheses of the

set r as in Lemma 2.  From Lemma 3 it follows that v  is fundamental.

Theorem 2,  Let v = iv a),  a e N" , be a decreasing family of weights on  R"

such that

Z [Miv0)k]-Vk = + ao

where

M(frA= £ suv[vQit)\t\y;t eR»|.

yen",\y\=k

Then  v  is fundamental.

Proof.   Let   |(/,,. • •, tjfl = max(|i x\,- • •, \tj) and let  Nk .

sup^0(i)||/||*; t£R"\, ¿ = 0, 1, • • • . Then Nfe < «(«„),, for all k.   Define, for

each s e R,

uis) = int[Nk/\s\k;  k = Q, 1, • • • |.

Then « is a quasi-analytic weight and vQit) < «(||i||), / 6 R". This inequality

proves that v is rapidly decreasing at infinity. Also, uis A < uis x) for all s v

s2eR, such that |sj| < |s2|. Let / = it x, ■ • •, t) e R" be given. Since |i;.| <

||r||, / = 1,...,72, it follows that ui\\t\\) <uit ), for all /. So, vQ <ux^" x •••

xuX'n. Since « is a quasi-analytic weight, « '" is too. Hence, v is funda-

mental by Theorem 1.
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Corollary.   Let  v = ív a),  aeN",   be a decreasing family of weights on  R".

Assume that there exist  c > 0 and p £ N such that

sup\v0it)\t\7;t£R»}<iclog0\y\-..logp\y\p\

for all y£ N" such that   \y\  is large enough, wßere as usual logQzfe = k and

log k = logdog      .A) if p>l.  Then v  is fundamental.

Proof.  In the notation of Theorem 2 we have, for k £ N  large enough,

MivAk <ik+ I)"" Xic log0 k •.. logp ¿)fe,

hence the series  2,   . [/W(zz0),]~  '     diverges. The conclusion follows from that

theorem.

Remark 4.  An important problem that remains unsolved is the following:

Let a family v = iva),   aeN",  of weights on  R" be given such that each

v a satisfies property (*).  Is it then true that v  is fundamental?
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